In the present paper, we propose a method of ionogram inversion to retrieve the electron density profile, N e (h), of the Martian ionosphere from the topside ionogram, which is measured by the Mars Advanced Radar for Subsurface and Ionosphere Sounding (MARSIS) instrument on board the Mars Express spacecraft. The new inversion technique is developed from Titheridge's method by replacing the prior polynomials with empirical orthogonal functions (EOFs), which are estimated from the archived N e (h) observation by the radio occultation of Mars Global Surveyor (MGS). The EOF-based technique has achieved quick convergence and good stability. It is concluded that the newly developed method is an alternative tool for the analysis of MARSIS ionograms.
Introduction
An ionogram is a representation of data from modern and classical ionosondes as a two-dimensional image, displaying the ionospheric echo intensity versus radio frequency, f , and time delay (or apparent height) of the radio propagation. Through the ionospheric dispersion, the echo apparent height, h ( f ), as a function of radio frequency, is determined by the unknown height profile, N e (h), of the ionospheric electron density. Thus, it is possible to compute N e (h) from h ( f ), which is usually digitized directly from an ionogram. The computation of the electron density profile is usually referred to as an inversion.
Many methods of ionogram inversion have been proposed and developed since the ionosonde was put into use in the 1930s. The initial theory of calculating N e (h) from h ( f ), known as Abel's integral equation, is given by Whittaker and Watson (1927) . Budden (1961) proposed an analytical inversion of Abel's integral equation which describes the vertical radio wave propagation in an isotropic ionosphere. When the anisotropy is considered, the inversion becomes quite complicated, and lamination methods might be used (Jackson, 1969) . However, a lamination method needs a complete h ( f ) trace with high frequency resolution, and cannot include the valleys (such as the E-F valley) in N e (h), whereas some valley model incorporated in the polynomial methods may be used to solve the valley problem. Therefore, the lamination methods are now rarely used in practice. Titheridge (1961 Titheridge ( , 1967a Titheridge ( , b, 1969 Titheridge ( , 1975 Titheridge ( , 1988 proposed a model-fitting method, or polynomial analysis in which the curve of true height vs. plasma frequency, h( f p ), is represented as a single or overlap-ping polynomial(s). Huang and Reinisch (1982) further developed the polynomial analysis by replacing Titheridge's Taylor polynomials with shifted Chebyshev polynomials, and applied it to the data processing of ISIS topside ionograms. Reinisch and Huang (1983) further applied this method in the analysis of ground-based Digisonde ionograms. Recently, researchers have developed the traditional polynomial analysis by replacing the polynomials (Taylor or shifted Chebyshev polynomials) with empirical orthogonal functions (EOFs). For example, Ding et al. (2007) have used the EOF series to represent the electron density profile in the ionospheric F layer at Wuhan, China.
The Mars Advanced Radar for Subsurface and Ionosphere Sounding (MARSIS) aboard the Mars Express is the first topside sounder designed to characterize the interactions of the solar wind with the ionosphere and upper atmosphere of Mars. The details of the MARSIS instrument and the Mars Express spacecraft have been described by Picardi et al. (2004) , Chicarro et al. (2004) and Nielsen (2004) . Up to now, MARSIS has recorded a large number of topside ionograms, most of which remain to be inverted or well-inverted. The inversion method frequently used, at present, for these MARSIS ionograms is the lamination method (Nielsen et al., 2006; Zou et al., 2010) . Meanwhile, the analytical inversion of Abel's integral equation is also used to give the analytical expression of the electron density profiles . In this work, we adopt the EOF series to represent the electron density profile in the Martian topside ionosphere. In the following, Section 2 briefly describes the MARSIS ionograms and their scaling. Section 3 discusses the EOF-based inversion. In Section 4, our inversion technique is applied to the data of six MARSIS ionograms. 
MARSIS Ionograms and Apparent Range Scaling
Figure 1 displays several topside ionograms obtained by MARSIS at different solar zenith angles (SZAs), latitudes and local true solar time (LST). For a detailed description of the MARSIS ionograms, one can refer to Gurnett et al. (2008) and .
In Figs. 1(a)-(f), the strong vertical lines near the left edge of the ionogram represent harmonics of the local plasma frequency and are caused by the excitation of electrostatic oscillations at the local plasma frequency. By measuring the spacing between these harmonics, the local plasma frequency can be determined and will be used later in our inversion. The technique for measuring the local plasma frequency is discussed in detail by Duru et al. (2008) .
As shown in Figs. 1(a)-(f), in general, the ionospheric echo appears with a time delay that increases with increasing frequency and terminates in a well-defined cusp region. The cusp of the echo trace is caused by the rather long time delay that occurs as the sounding frequency is very close to the peak ionospheric plasma frequency. Hence, the peak plasma frequency of the ionosphere can be determined from the echo cusp.
A semi-automated process, similar to that proposed by , is used to extract h ( f ) from the ionospheric echo of the ionogram. The scaled apparent ranges are indicated by the red crosses, as shown in Figs. 1(a) -(f).
Inversion Procedure
In this paper, we develop an inversion procedure by replacing the polynomials (Taylor or shifted Chebyshev polynomials) with EOFs which are calculated from the archived electron density profiles measured by Mars Global Surveyor (MGS) radio occultation. These archived electron density profiles are available on the website http://nova.stanford.edu/projects/mgs/eds-public.html.
The archived data and the EOF analysis
About 5600 MGS electron density profiles covering high SZAs (70 to 90
• ), high latitudes (60.5 to 85.7
• N and 61.5 to 69.4
• S) and LST (2.76 to 14.74 h) are used in the EOF analysis. We first transform these electron density profiles into profiles, f * p (h), of the normalized plasma frequency,
where f p (max) and N e (max) are the peak values of the plasma frequency, f p , and the corresponding electron density, N e , respectively, and the superscript asterisk denotes the normalized value. Assuming that the electron density profile in the Martian topside ionosphere is a monotonically decreasing function, we can obtain a true height function h( f * p ) by inverting the normalized profile f * p (h). Thus, a sampled dataset of h( f * p ) is obtained for the EOF analysis (Wilks, 1995) , 
sents the maximum possible fraction of the variability contained in h j ( f * pi ). Therefore, the EOF series in Eq. (2) converges most quickly in representing the true height dataset h j ( f * pi ). For instance, four leading terms A jk E k ( f * pi ), (k = 1, 2, 3, 4) may represent 94% of the total variance of our true height dataset. Hence, in our ionogram inversion we truncated the EOF series at K = 4. The mean height and the four leading EOFs vs. the normalized plasma frequency are illustrated in Fig. 2 . The beginning of f * pi is chosen as 0.2 to make sure that all values of the true height are sampled adequately to give a statistically valid result, though the information of the true height at f * pi smaller than 0.2 will be lost. It is clearly seen that, in general, the mean height function represents the typical variation of the 5600 MGS electron density profiles. The larger rank EOF refers to the smaller scale variation. The different scales of the true height variations can be represented by different ranks of the EOF.
Ionogram inversion
It is assumed that the Martian ionosphere is horizontally stratified. For a vertical incidence radio wave with frequency f , the echo is reflected from the range z r where the plasma frequency f p equals f . In this case, the apparent range from the spacecraft to z r is given by
where n ( f, f p ) = 1/ 1 − ( f p / f ) 2 is the group refractive index; f S is the local plasma frequency at the spacecraft; z( f p ) is the true range, and can be computed from the true height,
where h S is the true height of the spacecraft. The integral function (Eq. (3)) has a unique solution under the assumption, as was made above, that the electron density distribution in the topside ionosphere of Mars has a monotonic profile.
In the integration of Eq. (3), we adopt the variable transformation, f p = f sin ϕ, to avoid the infinite n at the reflection point. Then Eq. (3) becomes
where
p is the normalized plasma frequency defined in Eq. (1). A similar definition is made for the normalized radio frequency that f * = f / f p (max). Fig. 1 . The solid curves show the true height profiles of the normalized plasma frequency calculated using the EOF-based inversion in Section 3. The crosses show the measured apparent data which corresponds to the scaled apparent data in Fig. 1 . The circles show the apparent heights recalculated using Eq. (6).
Noticing the relationship between the true range and the true height in Eq. (4), the following results may be obtained by substituting Eq. (2) into (5b)
can be calculated in advance; z ( f * i ) is measured from the ionogram with the scaling process in Section 2. Thus, the coefficients A k are estimated by solving the matrix equation (Eq. (7)), and the final electron density profile is then obtained by Eq. (2). However, in most cases, the densities between the spacecraft and the first reflection point are not known. In order to carry out the inversion, we assume that the electron density varies exponentially with height in the gap. The assumption used here, similar to that of Nielsen et al. (2006) , Gurnett et al. (2008) and , is also a good approximation but not a complete description.
In theory, the EOF series, the same as the polynomials used previously (such as the Taylor or shifted Chebyshev polynomials), can be used to expand any electron density profile in the Martian topside ionosphere. Moreover, the EOF series converges more quickly, especially when it is used to represent the electron density profile in the range of the MGS radio occultation data, because the EOF series is derived from the measured MGS radio occultation data.
Results
The inversion technique was applied to the measured data in Figs. 3(a)-(f) . In Figs. 3(a) -(f) the solid curves show the true height profiles of the normalized plasma frequency. As a check on the overall accuracy of the inversion procedure, we recalculated the apparent height vs. frequency using the calculated profile, and then superimposed the recalculated apparent heights on the measured ones. As can be seen in Figs. 3(a)-(f) , the agreement of the recalculated apparent heights (circles) with the measured ones (crosses) is very good, indicating that the inversion result is a good estimation of the true electron density distribution because the solution of the inversion problem is unique, as we mentioned in Section 3.
In Fig. 3 , the recalculated apparent heights match the measured ones well, whether the electron density profile is in the range of the MGS dataset or not, which indicates that the EOF expansion of the electron density profile, though not optimal, is near optimal when the four EOFs are extrapolated to apply at all points in the topside ionosphere of Mars. The good extrapolation inspires confidence in processing a large quantity of MARSIS ionograms using the method developed.
Summary and Conclusions
The EOF-based inversion is developed from the traditional polynomial analysis of Titheridge (1961 Titheridge ( , 1967a Titheridge ( , b, 1969 Titheridge ( , 1975 Titheridge ( , 1988 and Huang and Reinisch (1982) where the prior polynomials, e.g., Taylor polynomials or shifted Chebyshev polynomials, have now been replaced with empirical orthogonal functions (EOFs). The new technique has been applied here to the data processing of the MARSIS ionograms, with EOFs retrieved from the MGS radio occultation measurements. The results show the remarkable advantage that only a few EOFs are required to represent most of the variability of the original dataset, owing to the quick convergence of the EOF series. These results show that the EOF-based inversion provides a new tool for the analysis of MARSIS ionograms.
